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Conformal and holomorphic mappings of a onceholed torus
(Makoto Masumoto)
– 1 once-holed $ton/s$ . , torus
( 1 ) 1 once-
punctuoed tonJs . Once-holed torus ,
. , once-holed torus
, ( ) $|j$ , .
1. Once-holed torus
Once-holed torus $R$ $R$ $\chi=\{a,b\}$ $(R, \chi)$ , marked once-
holed torus . $(R’, \chi’),$ $\chi=’\{a’, b’\}$ , marked once-holed torus , $f$ : $Rarrow R’$
( ) . , $f(a),$ $f(b)$ $a’,$ $b’$
, $f$ $(R,\chi)$ $(R^{j}, \chi’)$ , , $f$ : $(R,\chi)arrow(R’,\chi^{j})$
, .
Marked once-holed torus ( ) $\mathcal{T}$ $\mathrm{o}\mathrm{n}\mathrm{c}\not\in \mathrm{h}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{d}$ torus
. , $\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{e}\cdot \mathrm{h}_{0}1\propto 1$ torus , once puncturffi torus
, $\mathcal{T}$ , $\mathrm{o}\mathrm{n}\mathrm{c}\oplus \mathrm{p}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{u}\Gamma \mathrm{e}\mathrm{d}$ torus once-holed
torus ( ) $\mathcal{T}_{0}$ once-punctured torus $\mathcal{T}_{1}$
.
, $\mathbb{C}^{*}:=\mathbb{C}\backslash \{0\}$ $D_{f}:=\{.z\in \mathbb{C}|1<|z|<r\},$ $1<r\leq\infty$ ,
– . , $\{\mathbb{C}^{*}\}\cup\{D,\}_{1}<\Gamma\leq\infty$
( ) , , $\{\mathbb{C}^{*}\},$ $\{D_{\infty}.\},$ $\{D,\}1<\mathrm{r}<\infty$
. $\mathbb{C}^{*}\text{ }$ , $D_{f}$
$(1<r\leq\infty)$ . , $D$
$l$ , $r=e^{2\pi^{2}/\iota}$ , $D$ $D_{f}$
. , 1 $[0, +\infty)$
. .
, once-holed torus $\mathcal{T}$
. $(R, \chi),$ $x=\{a, b\}$ , marked once-holed torus . , $a,$ $b$ $R$
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. (Once-holed torus ,
$c_{1},$ $c_{2}$ , $c_{1}$
) , $R$ $c$
$l_{R}(c)$ . ,
$\Psi(R, \chi)=(2$ coeh $\frac{l_{R}(a)}{2}$ , 2 $\cosh\frac{l_{R}(b)}{2},$ $2$ $\cosh\frac{l_{R}(ab)}{2})$
.
1([1], [6]). $\Psi$ : $Tarrow \mathrm{R}^{3}$ . ,
$\Psi(T)=\{(\xi, \eta, ()\in \mathrm{R}\mathrm{s}|\xi^{2}+\eta^{2}+\zeta^{2}-\xi\eta\zeta\leq 0, \xi>2, \eta>2, \zeta>2\}$
.
$\mathcal{T}$ $\tau_{\mathit{0}}$ , .
, , $\Psi$
. , $\mathcal{T}$ , $\Psi$ , To,
.
$\Psi(T_{0})--\{(\xi, \eta, \zeta)\in \mathrm{R}^{3}|\xi 22++\eta\zeta 2-\xi\eta\zeta<0, \xi>2, \eta>2, \zeta>2\}$
$.\Psi(T_{1})==\{(\xi, \eta, \zeta.)\in \mathrm{R}3|\xi 2++\eta^{2}\zeta 2-\xi\eta\zeta=0, \xi>2, \eta>2, \zeta>2\}$
; $\mathcal{T}$ . .:. $\cdot$
, $D$ $\lambda$




, $T$ . Marked $\mathrm{o}\mathrm{n}\mathrm{c}\not\in \mathrm{h}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{d}$
torus $(R, \chi),$ $x=\{a, b\}$ , ,
$\Phi(R, x)=(\lambda_{R}(a), \lambda R(b),$ $\lambda_{R}(a-b))$
. , $a,$ $b$ , , $.R$ $c$
$\lambda_{R}(c)$ . ,
$F(\xi, \eta, \zeta)=\xi 2+\eta+2\zeta 2-2(\xi\eta+\eta\zeta+\zeta\xi)$
.
2([12]). $\Phi$ $\mathcal{T}$ . ,




. Koen [7] , $\text{ }$ – $\Psi$ , –
. $\Phi$ \neg -
([12]). , , $F$ 3
– .
2. Torus once-holed torus
, ,
. $0$ , $1j$ - (
) , 1 . Heins [2] ,
1 $|J-$ $\text{ }..\dot{\text{ }}$ $\text{ }$ torus ,
. Shiba [17] .
, Shiba once-holed torus . , ,
marked torus , marked torus ( )
, , torus , $\mathbb{H}$ –
. , $(R, \chi)\in T$ , $(R, \chi)$ marked torus
$M(R, \chi)$ .
:
3([17]). $M(R, \chi)$ , $\mathbb{H}$ 1 . $M(R, \chi)$ 1
, $(R, \chi)\in \mathcal{T}_{1}$ .
$M(R, \chi)$ ,
.
4([11], [12]). $(\alpha, \beta, \gamma)=\Phi(R, \chi)$ , $M(R, \chi)$
$\frac{\alpha+\beta-\gamma}{2\alpha}.+i\frac{4-F(\alpha,\beta,\gamma)}{8\alpha}$ , $- \frac{4+F(\alpha,\beta,\gamma)}{8\alpha}$
.
$D_{1},$ $D_{2}$
$\lambda_{1},$ $\lambda_{2}$ . , $D_{1}$ $D_{2}$ $f$ $f(D_{1})$ $D_{2}$
, $\lambda_{1}\geq\lambda_{2}$ .
, .
Marked once-holed torus marked once-holed torus
. $(R,\chi)\in T$ marked once-holed
torus (R, $\chi$) . :
5([12]). $(\alpha,\beta, \gamma)=\Phi(R, \chi)$ ,
$\Phi(\mathfrak{M}(R, \chi))=\{(\xi, \eta, \zeta)\in\Phi(\tau)|F(\alpha-\xi, \beta-\eta, \gamma-\zeta)\leq 0, F(\alpha, \beta, \gamma)\leq F(\xi, \eta, \zeta)\}$
3
.$(R_{1}, \chi_{1}),$ $(R_{2}, \chi_{2})\in \mathcal{T}$ , $(R_{1}, \chi_{1})$ $(R_{2}, \chi_{2})$




3. Torus once-holed torus
Marked once-holed torus marked torus marked once-holed torus
. , $(R_{1}, \chi_{1}),$ $(R_{2,\chi_{2}})\in\tau,$ $\chi k=\{a_{k}, b_{k}\}(k=1,2)$ ,
, $(R_{1}, \chi_{1})$ $(R_{2}, \chi_{2})$ , $f(a_{1}),$ $f(b_{1})$ $a_{2},$ $b_{2}$
$f$ : $R_{1}arrow R_{2}$ .
.
3 , marked $\mathrm{o}\mathrm{n}\mathrm{c}\not\in \mathrm{h}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{d}$ torus
marked torus . , , :
1. $(R, \chi)\in \mathcal{T}$ . , marked torus $(T’, x’)$ , $(R, \chi)$
$(\tau^{J}, x’)$ .
, $\mathrm{B}\mathrm{e}\mathrm{h}\mathrm{n}\mathrm{k}^{\xi}\succ \mathrm{s}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}$ . , Shiba [16]
. 1 , $R$ ( , $(R, \chi)\in$
) .
, $(R, \chi)\in \mathcal{T}$ , $(R, \chi)$ $(R’, \chi’)$
$(R’, \chi’)\in \mathcal{T}$ $(R, \chi)$ . 1 , .
6([13]). $(R, \chi)\in T$ , $fl(R, x)$ $T$ .
$D_{1},$ $D_{2}$ . $D_{1}$ $D_{2}$
, $D_{1}$ $D_{2}$
$D_{1}$ $D_{2}$ .
, Schiffer [15], Huber [3], [4], Jenkins [5], Landau-Osserman [8], [9], Reich [1.4],
Marden-Richar&- odin [10] .
, marked once-holffi torus ,
. ,
:
7([13]). $(R, \chi)\in \mathcal{T}0$ , $\mathfrak{M}(R, \chi)_{\neq}\subset \mathfrak{H}(R, x)$ .
. $(R, \chi)\in$ , $.\mathfrak{M}(R^{\chi},)=\mathfrak{H}(R,\chi)=\{(R^{\chi)\}}$, .
4. Once-holed torus
, $R$ ( ) $S(R)$
. $c\in S(R)$ , $c$ $\lambda_{R}(c)$ . , $H$
4
, $c$ $l_{R}(c)$ .
, $j:Rarrow R’$ , $R$ $R’$ .
, $R$ $R’$ $j$ ,
(a) $\lambda_{R}(c)\geq\lambda_{R’}(j(_{C}))$ $(\forall c\in s(R))$
. , $R$ $R’$ ,
(b) $l_{R}(c)\geq l_{R’}(j(_{C}))$ $(\forall c\in s(R))$




$R,$ $R’$ , (a), (b) $j$
. , once-holed torus
.
8([13]). $R,$ $R’$ once-holed torus , $j$ R. $R’$
. , $c\in S(R)$ $\lambda_{R}(c)\geq\lambda_{H}(j(c))$ , $R$
$R’$ $j$ .
, $R$ $R’$ once-holed torus , (a) , $j$ $R$
$R’$ . - , (b)
, .
9 ([13]). $R$ once-holed torus , once-punctured torus .
, once-holed torus $R’$ $j:Rarrow R’$
: ‘
(i) $c\in S(R)$ $l_{R}(c)\geq l_{R}(j(c))$ . : .
(ii) $R$ $R’$ $j$ .
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